We study the number of cylic subgroups in finite groups and get that G has |G| − 3 cyclic subgroups if and only if G ∼ = D 10 or Q 8 .
Introduction
Let G be a finite group and C(G) be the poset of cyclic subgroups of G. Sometimes C(G)
can decide the structure of G. For example, G is an elementary abelian 2-group if and only if |C(G)| = |G|. Tǎrnǎuceanu [3, 4] classified the groups G such that |G|− |C(G)| = 1 or 2.
In this note, we shall continue this study by describing the finite groups G such that |C(G)| = |G| − 3.
We prove that there are just two such groups: D 10 and Q 8 .
For any finite group G, denote by π e (G) the set of all element orders of G, and donote by π(G) the set of all prime divisors of |G|. For convenience, let π c (G) = π e (G) − π(G) − {1}.
For any i ∈ π e (G), denote by C i (G) the set of all cylic subgroups of order i in G, and
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Proof: For any finite group G, we know that
where φ is the Eucler function. Hence
Let G be a group such that |G| − |C(G)| ≤ p r . By (2.1), we see that
By Cauch theorem, c p i ≥ 1 for all i ≤ r. Hence we get that
Since r ≥ 3, we get that p r ≥ 5. Thus c pr = 1 and
So we get r = 3, p 2 = 3 and p 1 = 2. It follows that
If c 3 = 2, then π c (G) = ∅. Let X 1 , X 2 be the two cylic subgroups of order 3. Considering the action of G on {X 1 , X 2 }, we see that X 1 is normalized by a Sylow p r -subgroup, which implies 3p r ∈ φ c (G), a contradiction. Hence c 3 = 1. Similarly, we get that
Proof: Let G be the group such that |G| − c(G) ≤ q. By (2.1),
It follows that p = 3 and c 3 ≤ 2. But we can find an element of order 3q, a contradiction. So we get that p = 2. We see that π e (G) = {1, 2, q} or {1, 2, 2 2 , q}. Thus G has only one Sylow q-subgroup Q isomorphic to
If π e (G) = {1, 2, 4, q}, then c 4 ≤ 2. Thus Q normalizes a cyclic subgroup of order 4. This implies that 4q ∈ π c (G), a contradiction. Hence π e (G) = {1, 2, q}. If a ≥ 2, by considering the conjugate action of a Sylow 2-group on Q, we can find an elmement of order 2q, a contradiction. Hence |G| = 2q, and G = u, v|u q = 1,
In this case, |G| − |C(G)| = q − 2.
ii) q = 3 and p = 2. Now (2.2) becomes that
It follows that c 3 ≤ 3 and π e (G) ⊆ {1, 2, 3, 4, 6}.
If π e (G) = {1, 2, 3, 4, 6}, then c 3 = c 4 = c 6 = 1. And we get 12 ∈ π e (G), a contradiction. If π e (G) = {1, 2, 3, 4}, then c 4 ≤ 2. We can get that 12 ∈ π e (G) if c 4 = 1. Hence c 4 = 2. Therefore, a Sylow 3-group will normalizes a cyclic subgroup of order 4, and we get that 12 ∈ π e (G), a contradiction.
If π e (G) = {1, 2, 3, 6}, then c 3 + c 6 ≤ 3. Then c 3 = 1 or c 6 = 1. Thus we can get a normal cyclic subgroup X = x of order 3. Thus |G :
will contain a subgroup L ∼ = C 2 × C 2 × C 3 . Since c 6 (L) = 3, we get a contradiction. Henc a ≤ 2. From c 3 ≤ 2, we get that b = 1. Hence |G| ≤ 12, and G ∼ = C 6 or D 12 .
Now we need to consider the case that π e (G) = {1, 2, 3}. Thus c 3 ≤ 3, and there are at most 6 nontrivial 3-element. It follows that a Sylow 3-subgroup is isomorphic to C 3 . By We claim that C/X is an elementary 2-group. Otherwise, there exists an elemment g ∈ C such that gX is an element of order 4 in C/X.
Then D is abelian. Since |gX| = 4, we get that g ∩ X = 1, and
Hence the Frattini subgroup Φ(C) ≤ X, and C is a 2-group with cyclic Frattini sub- 
